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PENETRATION OF A RIGID CONE INTO A PLASTIC ORTHOTROPIC HALF SPACE

A. G. Akopyan UDC 539.374

A study is made of the rigid-plastic flow of a plastic orthotropic material as a rigid
rough cone penetrates a half space at a constant speed. The material of the half space
is assumed to be incompressible, ideally rigid-plastic, and subject to the Mises-Hill rela-
tions [1] for a plastic orthotropic body. We assume that the principal axes of anisotropy
coincide with the axes of a spherical coordinate system whose center is the vertex of the
cone. An analogous problem for an isotropic material was studied in [2]; penetration of
a rigid wedge into an anisotropic half space was considered in [3]; and the imbedding of
a rigid stamp into an anisotropic plastic medium was investigated in [4]. A study of the
penetration of a thin solid body into a transversally isotropic medium was given in [5].
In [6] a study was made of the penetration of a rigid cylindrical body into a plastic aniso-
tropic pipe.

In the present paper we determine the pressure force during penetration of a rigid
cone inteo a plastic orthotropic half space; we find the zone of distribution of plastic
deformations and the form of the free surface of the displaced portion of half space
material. A numerical example is presented showing the essential effect of anisotropy on
the plastic zone distribution.

1. Assume that a rigid cone penetrates into a half space. We assume that the plastic
region that is formed around the rigid cone of angle 8 = o is bounded by a conical surface
with angle 8 = B; the location of this surface is to be determined in the course of solving
our problem (Fig. 1). We assume that the region of plastic flow is bounded by a surface
r = R(8), free from external loads, whose shape is also to be determined. In this region
properties of the material are assumed to be plastic orthotropic, being a consequence of
plastic deformation of the material (deformation anisotropy). On the contacting conical
surface there arises a tangential stress whose value depends mainly on the roughness of
this surface.

Since there is no rotation of the rigid cone about its axis or the lateral area of
the cone is ideally smooth in the peripheral direction, the annular component of the rate
of displacement is equal to zero, whence V. = Vg = O T,p = Tgq = 0.

The differential equations of equilibrium in the spherical coordinate system then has
the following form for our problem:

do T
a_rr+ 1 re+_§_(20r_ge_gw+1rectge)=0,

T o8
ot, 1 90 1 . (1.1)
8re —|—_r___a_99+7[(09—6q))cbg9+ 31,4] =0.

Relations between the components of the deformation rate tensor, displacement rates,
and stresses are:

du
&, = 37 = Q[H, (6, —0p) + G, (9 — Tl

u 1 v
89 =7+ 70 = [Fy (09— %) T Hy (% — )]
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The Mises—Hill yield condition [1] may be written as
‘ | 2 2 __
By (05 — 0g)* + Gy (0 — 0,)" + H, (0, — 0g)" + NyTrg L. (1.3)
Starting from relations (1.2), (1.3), we write the stress components in the form
0, = oy + (Fe, — Geg)/Q, o, = 64 — [He, + (G + H)eglQ,
T _g= 2NY,4/Q, (1.4)
where
Q= [(F + H) &2 4 2He e, + (G 1 H) 8+ Vv ],
F=FylA, G= Gy/A, H= Hy/A, N = 1Ny, A = Fofy -+ Gy + HoFy.

On the contact surface between the cone and the medium we specify the conditions

T,.=m, v= Vysina (6 =a). (1.5)

ro
Here V, is the given rate of penetration of the cone; m is a positive constant whose value
is assumed to be given and depends on the nature and degree of roughness of the conical
surface in the radial direction.

On the boundary surface 8 = 8 of the plastic zone we assume that the normal rate of
displacement is continuous and that the tangential rate is discontinuous. We then put [7]

v=0,y — —oo (8 = §).
Next, we have a conservation of mass condition: the volume of the portion of the cone
that has penetrated must equal the volume of material displaced.

2. In the plastic region the stress components and displacement rates may be expressed
in terms of the unknown function f(8):

VN 2, = G'—+-—H V—_N——Tg, T =T,
Tt YNGT G+H> o=tV 5 0 (2.1)

u= —{sin® —2fcosH, v=2fsin0, w=0.

From Eqs. (1.1) we than have the expression

1

] 3]
—_ ro__ G+ H v 2
0g=—r,+4ln T 3yrde+ V_"J%.SVN = ctg 040 (2.2)
o o

and the following equation for determining the function t(8):

V=

T=—4

"ICtge+VN(G+H> (2.3)
[A and p, are arbitrary constants, R, = R(a)].
For the solution of Eq. (2.3) we have the boundary condition
) = m, 1(p) = —1/N. (2.4)

The second condition in relations (2.4) is obtained by considering the bounding conical
surface 6 = B between the plastic and rigid zones as a surface of slippage.

We obtain function f(6) from the differential equation

n 1 G+H T .
(o= VI ) o 2.9

with boundary conditions
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}‘(CC): VO/29 f(ﬁ):r’: (2.6)

as the solution of which we shall have

: 0
f(e)=70_i_>), 1(6)~SeXP(l/G+H§ I/N 2)Sidn36. (2.7)

Expressions for the displacement rates are then

. G—{—Hj ©df _y L®
“ 21(oc)sm0 (V Vv— ) 0T Y

v= V; sin @I(G)/l(m)7 w =0,

(2.8)

3. Consider now the equilibrium of the cone-shaped tube occupying the plastic region
< £ < R(B), a <8 < B (Fig. 2). Equating to zero the sum of the projections of all forces
acting on the surfaces of the conceptually localized body in the direction of the 6 = 0
axis, we obtain
Ry R,
5‘ [0g (s @) sin & —m cos a] sin ardr — \ 10 (r: B)sin B 4
T r

B
-+ /N cos p] sin prdr — j' [0, (r, 0) cos 6 — 7,5 (B) 5in 6] r® sin 040 = 0. (3.1)
@
Here R, = R(B). Substituting into Eq. (3.1) expressions for the stress components and car-
rying out the integration, we find

mstoc—i—'[/Nv sm2§ v sin? B(D+A1nv) A
2 (v? sin® p — sin® @) V2 gin® B — sin’c

P, =

™
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v=_2, D=—3j"cd9+ V?iﬂj V N = cte 046
R N
o 9
Besides the functions f(8), t(8), and the parameter A, it remains to also determine

function R(8) and parameter 8. From the condition for equilibrium of an element close to
the free surface r = R(8) in the meridian plane on an area with normal n (Fig. 3) we have

(8]
G, = 6, (R, 8) cos® 0, + 0 (R,8)sin” O + T, (6) 8in 26,4,

T = [0g (R, 8) — 0, (R, B)] sin gy €08 9y + T, (8) c0S 205, (3.2)

where 6% = 6, — 0, and 0, is the angle between the normal n and the positive z-direction.
Let the parametric equation of the curve of intersection of the free surface with the meri-
dian plane be given in the form p = p{(8), z = 2(8). Then

sin9n=~z’/1/p’2+z’2, cosﬁnzp’/ Vot+at (3.3)

Introducing the function

R(®) = & exp [%(6))/cos B (3.4)

(h = Vot = RycosB, h is a given depth, t is the time of penetration) and going over to
a polar coordinate system, p = Rsin®, z = Rcos 9, from relations (3.3) we obtain

tg8, = (tg6 — ¥V + ¥ tg6). 3.5)
As was done in [2], we form the expression T = 0,2 + 1,2 and determine R from con-

ditions for a minimum of T with respect to 6,. Upon differentiating and using relations
(3.2), we find

aT/88,, = 2(0, 1 Og)Tpqe (3.6)

In the problem considered, we find, upon putting o, + og < 0 and equating expression
(3.6) to zero, that 1,4 = 0.

Then
0, = 8+ (1/2) arctg [27 p/(0, — o) ]. (3.7)
From these values of 6, it follows from expression (3.6) that
6T190° = — (0, -+ 05) V (0, — 0g)% + 412, > 0.
Consequently, function T attains a minimum value for 6, so defined. On the surface r =
R(8), ths = 0, and the normal stress
00 0) =04 (B, 8) + (1/2) [0, — 0 + V (0, — 00" + 4. (3.8)

Substituting relation (3.7) into Eq. (3.5), we determine x', and, then, taking into
account the expressions (2.1) for the stress components, we obtain

8
X(G)ZZ‘Y dB

G G ] 2 e '
4 — 2
crat e verml YR VYT

From function (3.4) we obtain the form of the displaced portion of the surface, namely

{ B ]
R©)= " explzf vdf _
-]

cos f &2 O N ¢ 5 (3.9)
AR /g N—
l I/G+H+[ N(G+H)JT+]/1V(G+I{)V i

Correspondingly, we have
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v = exp —25 ©d9 !
e [4— ¢? ]1:2 ¢ Yi-<= (3.10)
“V et v e !

The conservation of mass requirement yields

R1 cos &

5‘ o dz = _;_ R3sin® o cosa.

h

Going over to polar coordinates, we obtain

B
j]exp (3% sin®0 (1 — %' ctg0) dd = _1_3 sin® &t cos a.
Iv )

o

Eliminating x' with the aid of an integration by parts, we arrive at the equation

B { B \
-—;—sinzﬁcosﬁz SGXP<|6§‘ = = a9 !sinede,
o H G [4_ G ] 2 G N (3.11)
|2V oSt - v+ e Y

which, together with relations (2.3) and (2.4), determines the function t and parameters
R and A.

The pressure force of the cone on the medium is

R.
1
P=~—2nsina 5. [0g () &) sin & — m cos ] rdr,
0

We refer to the conditional stress, impressed cn the base of the penetrated portion

of the cone, i.e., p = P/(7R,2sin%?a), as the specific pressure. After evaluating the
integral, we have

__msin20¢4 Y/ Nv?sin2p | V’sin® (D4 41nv)
~ 2(v*sin® B —sin’ @) v*sin® B — sin® a

+ metg o,

According to the solution obtained, the surface r = R(8) is "loaded" with the normally
distributed forces o,(8). It follows from relations (3.8) and (3.9) that

—_ 1 G? _ G ] 2 G -1
0, = P1+7{l/m+[‘* Yerml® T Vvern VN—<
[} ]
—3‘Y1d9——2.4 b +
Jra—u

& 6* ] 2 G 3
— b S N —
Vet wdm)- s
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+ VG——NI_—E.S‘ Vv—= ctg 840.
(¢4

We assume that the effect of these loads on the stressed state of the plastic region
far from the free surface is nonexistent. The relationship between the pressure force and
the penetration depth is given by

npsin’ a 9
P:_'V?;:OS_Z{S}Z .

The problem (2.3), (2.4), (3.11) was solved numerically using the following simple
algorithm. For the values selected for parameter B we solved the two-point boundary value
problem (2.3), (2.4). Next, the condition (3.11) was verified. Condition (3.11) was satis-
fied by varying R. Finally, the quantities t, §, and A were determined. Figure 4 shows,
based on the numerical calculations, graphs of §{a) and p(a) for isotropic (dashed curves)
and anisotropic (solid curves) materials for anisotropy parameters G/N = 6, H/N = 2.5 for
for m = 0.5. In the case of an isotropic material G/N = H/N = 2. The graphs display the
essential influence of anisotropy on the distribution of the plastic zone and the specific
pressure of the cone on the medium,

A numerical study was also made of bounds for the variation of a. As a -+ m/2, B 2
/2, which is inadmissible in accordance with the statement of the problem since R, - .
This also depends on the anisotropy parameters and the value of m. With o < 80°, and for
all possible values of anisotropy parameters considered in our numerical studies, no such
phenomenon was observed, i.e., the solution obtained for these a is completely admissible.

The author wishes to thank M. A. Zadoyan for his interest in the present paper,
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